Given an open set with finite perimeter Ω ⊂ R n , we consider the space LD p γ (Ω), 1 ≤ p < ∞, of functions with pth-integrable deformation tensor on Ω and with pth-integrable trace value on the essential boundary of Ω. We establish the continuous embedding LD
Introduction
In this work, we establish Sobolev-type embeddings for a non-standard function space that arise in the study of the motion of rigid bodies in a viscous, incompressible fluid.
The problem of the motion of solid bodies in a viscous fluid filling a bounded container, has been studied by several authors -we cite, in particular, Hoffmann, Starovoitov [21] , San Martín, Starovoitov, Tucsnak [30] , Feireisl, Hillairet, Nečasová [13] , Bost, Cottet, Maitre [8] , Gunzburger, Lee, Seregin [16] , Takahashi [32] , Judakov [39] . The authors of these works considered the no-slip condition, that is, the velocity is assumed to equal the velocity at the surface of the rigid bodies and the velocity of the container walls, also assumed rigid. In the simplest case in which the container is fixed, the velocity vanishes at the walls.
However, it has been shown mathematically that this assumption leads to some non-physical results, namely, under the no-slip condition collision between the bodies and between the bodies and the walls cannot happen in finite time (see Hesla [19] , Hillairet [20] , Starovoitov [31] among others).
One way to include the possibility of collision that is physically motivated is to allow slippage at the boundaries. There are several ways to allow for a non-trivial slip at the boundary by modifying the boundary condition. The Navier boundary condition models slip with friction and it is amenable to a theoretical analysis. The first to study collisions under the Navier conditions were Neustupa and Penel [27, 28] , who considered a prescribed collision of a ball with a flat wall, while the free motion of a single rigid body in the whole space R 3 was investigated in [29] . The local existence result, i.e., up to the time of first collision, for motion of a solid in the presence of walls and slip was recently obtained by Gérard-Varet and Hillairet [14] . In [15] , it was shown that, when Navier boundary conditions are imposed on both the solid and walls, collision of the solid body with the boundary indeed can happen in finite time. The work [9] contains a global existence result for weak solutions when the Navier friction condition is imposed at the surface of the body and the no-slip condition is imposed at the container walls. When bodies collide, the fluid domain, which coincide with the portion of the container that is exterior to the bodies can have low regularity, typically at the level of cusps, especially if the solid bodies have smooth boundary (see Figure 1 ). In this situation, both Poincaré and Korn's inequalities do not hold in general, so no standard embedding results are available.
However, in studying existence of weak solution for the fluid-interaction problem past collision, one is confronted with the integrability of functions that have only bounded deformation tensor in L 2 . Our main result is a Sobolev-type embedding result for functions with this level of regularity in cusp domains, and even rougher sets, more precisely, sets of finite perimeter, if in addition some information is available on the trace of the function at the boundary.
We begin by recalling the notion of bounded deformation. Let Ω ⊂ R N be a bounded open set. In applications, N = 2, 3. We consider a vectorfunction v : x ∈ Ω → R N , and define the tensor of deformation Dv = 1 2 (∇v + (∇v)
T ) with components 
Our main motivation is the validation of the convective term in the Navier -Stokes equations for the fluid-structure interaction problem in the presence of collisions
in cuspidal domains Ω (see the definition 2.1 in [9] ). The convective term is then well defined as a distribution, if the solution u ∈ LD 2 (Ω) belongs at least to L 4 (Ω). We briefly review existing embedding results for domains with cusps. There are well known embedding results involving the Sobolev space W 1 2 (Ω) when Ω has cusps (see [1] , [18] , [26] ). However, the methods used in these works can not be applied in the case of LD 2 (Ω) if one wants a bound on the norm in LD 2 (Ω). The optimal embedding theorem
was obtained in [25] . The embedding result
q , was proved in [2] . For a more complete description of optimal embedding results in cuspidal domains, we refer to [7] , [22] , [24] , [26] and [37] .
We will show next with an example that knowing u ∈ LD 2 (Ω) is not enough to guarantee that the convective term in Equation (1) 
for some positive constant C. Similarly, given q ≥ 1, we calculate
Consequently,
Taking q = 2 + ε, ε > 0, we conclude at the same time that
In this case, in particular, we cannot make sense of the convective term in Equation (1) .
For the applications we have in mind, additional information is available on the integrability of the trace of the function at the boundary. The theory of sets of finite perimeter, which covers most cusp domains, provides a suitable framework for defining the trace on rough (non-Lipschitz) boundaries.
We informally define the space 
In the case p = 2, N = 2, we therefore have that u ∈ L 4 (Ω), as required to define the convective term of Equation (1) .
The paper is organized as follows. In Section 2, we recall principal facts about sets of finite perimeters and functions of bounded deformation. We also discuss a few preliminary results needed in the proof of our main theorem, which is presented in Section 3. Throughout, we use standard notation for classical spaces, such as the Sobolev spaces W k,p (Ω). 
is called the perimeter of the set E.
In the definition above, we have used that, if χ E ∈ BV (R N ), then the generalized gradient ∇χ E = (µ 1 , ..., µ N ) = µ is a vector with components given by bounded Radon measures
The following results are discussed in [35, pages 154-156] and in [4, page 159, Proposition 3.62], for instance. We introduce the concept of essential boundary for a measurable set (see e.g. [35, pages 256, 258] , [5, page 158] ). We shall denote the ball of radius ρ > 0 and center x ∈ R N by B ρ (x), and its volume by ω N (ρ) = L N (B ρ (x)). We shall also define the unit sphere
Proposition 2.2. The following holds (1) The set of all sets with finite perimeter forms algebra, that is, if E, F have finite perimeter then the sets R N \E, E ∪ F, E ∩ F also have finite perimeter. (2) If E is a Lipschitz domain, then E is a set with finite perimeter and
and the hyperplane P a = {y ∈ R N : y · a = 0} through the origin with normal vector a in S N −1 . We shall also need the line l a (x) with direction vector a ∈ S N −1 through x ∈ P a .
Definition 2.4. Let E be a given measurable subset of
We denote by E * the set of all points of density of E and by E * the complement of the set of points of rarefaction of E. The set ∂ * E = E * \E * is then called the essential boundary of E.
We next recall some facts about the essential boundary for sets with finite perimeter. For more details we refer the reader to [5] , [11] , [12] , [17] , [36] , and [38] . Proposition 2.5. Let E be a set with finite perimeter and let ∂ * E be its essential boundary. Then (i) The boundary ∂ * E is countably H N −1 -rectifiable, that is, In what follows, we denote by BD(Ω) the space of functions with bounded deformation on Ω in analogy with BV (Ω). For p ≥ 1 the space LD p (Ω) is a subspace BD(Ω). Hence, we can apply the result of [33, 34] , showing that the trace of functions in LD p (Ω) is well defined. (The same result was also described carefully in [6, Proposition 4.1].) Proposition 2.6. Let Ω be a set with finite perimeter and let ∂ * Ω be its essential boundary. Let u(x) ∈ LD p (Ω). Then for H N −1 −a.e. x ∈ ∂ * Ω, there exist a vector γu(x) ∈ R N , such that
where ν = ν(x) ∈ S N −1 is the internal normal at x ∈ ∂ * Ω and the half ball
The assignment x → γu(x) defines a trace map on the essential boundary of Ω for elements of LD p (Ω).
We study next the integrability properties of the trace map. If Ω is a Lipschitz domain, then the embedding LD 2 (Ω) → L 2 (∂Ω) can be established using the same approach of Theorem 1.1 in [33, page 117] and Theorem 3.2 in [6] (see also the theorem and example given on pages 224-227 of [35] ). For cusp domains, the above result is generally not true, as the function introduced in Example 1.2 shows.
Example 2.7. We consider again the function w s defined in Equation (2) on the cusp domain V (x 2 ). This function belongs to LD
and calculate the L 2 norm of w s along the part of the boundary defined by 0 < x < 1, y = 0
We conclude that the inclusion
is not valid if Ω has cusps.
The above example also shows, however, that there can be functions in LD 2 (Ω) with square-integrable trace on the essential boundary, even if Ω is rough (take w s with s small enough). This observation justifies the introduction of the following space. 
Remark 2.9. The space LD 2 γ (Ω) appears naturally in the construction of the weak solutions to the problem of motion of rigid bodies in a viscous fluid under Navier slip conditions. We refer to the a priori estimate (2.8) established in Theorem 2.1 of [9] (see also the a priori estimate (4.5) in Theorem 1 of [14] ).
Our main result is based on an extension of the Fundamental Theorem of Calculus on sections, valid for functions with integrable variation in W 1,p , to functions with integrable deformation in LD p . To this end, we introduce the following notation. For given a ∈ S N −1 we define the section Ω y,a = {t ∈ R : y + ta ∈ Ω} of Ω corresponding to a point y ∈ P a (⊂ R N −1 ). If Ω y,a is empty, we set 
is absolutely continuous on t ∈ Ω y,k = Ω y,a k and the following formula
Proof. We consider a sequence of standard mollifiers {ϕ ε } ε>0 (see C.4, pages 552-560, of [23] ), and for every ε > 0 define
By the same approach as in Lemma 10.16 of [23] , we have
Using (5), it follows that
Therefore, there exists a subsequence {ε n }, such that for
If we set u n = u εn , then the sequence {u n } converges point-wise to u for L N − a.a. points of Ω by Theorem C.19 and Corollary B.122 of [23] . Therefore, the set
is well defined and such that L N (Ω\E) = 0. We let
and the function u is one of the representatives the equivalence class of u. Fubini's theorem implies that
We denote a generic N -dimensional rectangle with the edges parallel to the vectors a 1 , ..., a N in R N by
We take rectangles A ⊂ Ω with c k , d k all rational numbers. For ε > 0 sufficiently small, A ⊂ Ω ε , so that by (7) we have that for L N −1 −a.a.
Using (8) we can choose t ∈ [c k , d k ] such that y + t a k ∈ E. Then, the following limit exists
Hence, (9)- (10) imply the existence of the limit
The definition of E and u give then that, for each k = 1, ..., N and L N −1 −a.a.
(compare with (8)) and the functions v k (t) = a k · u(y + ta k ) satisfy
which can be shown as in Lemma 3.31 of [23] . Now, if A ⊂ Ω is another such rectangle with the property that
then, by taking y ∈ P k , which is admissible for both A and A, and t
, it follows that from (11) and (12) 
Since Ω can be written as a countable union of closed rectangles of this type and since the union of countably many sets of L N −1 -measure zero still has L N −1 -measure zero, using (11), (12) we conclude that for L N −1 -a.e. y ∈ P k , the function v k (t) is absolutely continuous on any connected component of Ω y,k .
Next, we formulate and prove a result concerning a non-tangential approach to characterize the trace. In what follows, we let Ω be an open set p γ of finite perimeter. We recall that ν = ν(x) ∈ S N −1 denotes the internal normal at x ∈ ∂ * Ω and B 1 (x, ν) is the half ball with radius equal 1, defined by (4) .
Let a ∈ S N −1 ∩ B 1 (x, ν) be arbitrary fixed vector and set
for any measurable (Borel) set E ⊂ R N , where π a E is the projection of the set E ⊂ R N onto the plane P a . (We refer to [36, pages 235-236 ] for a discussion of properties of the Borel measure λ a .) Proposition 2.11. Let u ∈ LD p γ (Ω). The following limit exists
We omit the proof Proposition 2.11, as it is essentially the same as that of Theorem in Section 11.2, pages 243-245, of [36] . In fact the proof of this above-mentioned theorem relies on the structure of the set with finite perimeter and the existence of the trace values γu for a given function u. In our case, when u ∈ LD p γ (Ω), the existence of γu is guaranteed by Proposition 2.6.
Corollary 2.12. Let Ω ⊂ R N be an open set of finite perimeter. Then under the assumptions and the notation of Proposition 2.10, Formula (6) is valid for any t , t ∈ R, such that
Proof. By Proposition 2.10 we have that for L N −1 -a.e. y ∈ P a k ,
Moreover, there exists a finite number of disjoint intervals [t 0 , t 0 ], such that
by Proposition 2.5 (iii). If we integrate (16) over t ∈ (t 0 , , t 0 + ε), divide by ε, and take the limit ε → 0, then Proposition 2.11 implies that (16) is valid for t = t 0 . By the same way we can demonstrate the validity of (16) for the point t = t 0 . Combining these identifications with the integral representation for v k above, we obtain Formula (6) for all [t , t] in Ω y,k .
Proof of the main result
We are now ready to prove our main result. We first recall a needed proposition . For a vector ξ = (ξ 1 , . . . , ξ N ) ∈ R N and each i ∈ {1, . . . , N }, we introduce the vectors (17) ξ
For a proof of the following proposition, we refer to [33] , pages 128-129, Lemma 1.1.
The main result of this work is the following theorem. 
Proof. We follow closely the proof in Theorem 1.2, page 117, of [33] and Theorem 6.95, pages 333-336, of [10] , and combine them with the ideas developed in the theorem of Section 5, pages 218-220, in [35] . We adapt this approach to the case at hand of sets with finite perimeter.
(I) As a warm-up for the general case, we start by considering two space dimensions and p = 2. Let {e 1 , e 2 } be the Euclidean basis of R 2 . We denote a point in R 2 with x = (x 1 , x 2 ) and a vector field on R 2 with u = (u, v).
Step 1: Since the set Ω has a finite perimeter, then by Part (iii) of Proposition 2.5 for L 1 -a.a. x 2 ∈ R, the intersection
) is a straight line connecting the points
Consequently, Corollary 2.12 implies that for such admissible x 2 ∈ R and arbitrary chosen x 1 ∈ Ω(x 2 ), there exists an index k ∈ {1, . . . , M 2 (x 2 )}, such that x 1 ∈ 2,k and
It follows that (20) where the constant C depends only on the diameter of Ω.
In the same fashion, for L 1 -a.a.
For admissible x 1 ∈ R and arbitrary chosen x 2 ∈ Ω(x 1 ), there exists an index k ∈ {1, . . . , M 1 (x 1 )} , such that x 2 ∈ 1,k and
Multiplying (20) with (21) and integrating over Ω, by Proposition 3.1 (or simply by the Fubini-Tonelli Theorem) we obtain
where I i , i = 1, 2, are the projections of Ω onto the x i -coordinate axis. We have
by the properties of the measure λ a given on the pages 235-236, section 7, of [36] . Therefore,
2nd step: Now we consider the basis 1) . We denote the coordinates of x in the basis (a 1 , a 2 ) by (ξ 1 , ξ 2 ) , that is,
Again, for L 1 -a.e. y 2 = ξ 2 a 2 ∈ P a 1 , i.e., for L 1 -a.e. ξ 2 ∈ R, the intersection of lines parallel to a 1 with the domain Ω, passing through y 2 ,
consists of a finite number M 2 (ξ 2 ) of open intervals with disjoint closures, such that for x ∈ Ω(ξ 2 ), there exists an interval
For simplicity of notation, we assume that this interval, being a part of l a 1 (y 2 ), is described as
By applying Corollary 2.12 to the function
and proceeding as in (20)- (21), we obtain
Similarly, for L 1 -a.e. y 1 = ξ 1 a 1 ∈ P a 2 , that is, or L 1 -a.e. ξ 1 ∈ R, the intersection of the line parallel to a 2 with Ω passing through y 1 Ω(ξ 1 ) = l a 2 (y 1 ) ∩ Ω is a finite number M 1 (ξ 1 ) of open intervals with disjoint closures. Then for x ∈ Ω(ξ 1 ) there exists an interval, such that
Defining
Corollary 2.12 gives
Multiplying this inequality by (23) , integrating over (ξ 1 , ξ 2 ) ∈ Ω, and proceeding as in the derivation of Equation (22), yields
we obtain
. Therefore, by combining this estimate with estimate (22) we conclude that
. which coincides with (19) for N = 2 and p = 2.
(II) We now turn to the general N -dimensional case. We follow closely the proof of Theorem 6.95, pages 333-336, of [10] .
We denote the Euclidean basis of R N by {e i } N i=1 . Given a vector a ∈ S N −1 and a point x ∈ Ω, we let y = Proj a x ∈ P a be the projection of x on the plane P a , and we let Ω a (y) = l a (y) ∩ Ω be the intersection of Ω with the line parallel to a and crossing y (and x).
Since Ω is, by hypothesis, a set of finite perimeter, for L N −1 −a.a. y = Proj a x ∈ P a , Ω a (y) is a finite number M a (y) of open intervals with disjoint closures. Consequently, for L N −1 −a.a. y = Proj a x ∈ P a , the point x belongs to one of these intervals and its endpoints, which we denote by c k (x), d k (x) are on the essential boundary ∂ * Ω of Ω. For simplicity of notation, we assume that this interval is described as
If we consider the function
then Corollary 2.12 implies that
which is valid for any positive α 1 , ..., α n and for any n ∈ N (in particular for n = 2 N −1 ), one can show that |v a (x)| pN/(N −1) is bounded by a linear combination of 2 N −1 terms of the form
where H k denotes either I k or J k . Each of the terms H k in the product above depends on N − 1 variables, and hence we can apply Proposition 3.1. To see this fact, we introduce an adapted basis {E k } N k=1 as follows. For each index k ∈ {1, . . . , N −1}, we pick a vector E k belonging to the set {h k , e k }, and for k = N , we set E N = a. If all components of the vector a are non zero, it is then easy to see that For a proof of this fact we refer to Lemma 6.96, page 334-335, of [10] . We let ξ j , j = 1, ..., N, denote the coordinates of x ∈ R N in the basis E 1 , ..., E N , that is,
x i e j = Proceeding as in the derivation of (22) gives
. By Proposition 3.1 it follows that (29)
, where the dependence on σ in the constant C comes from the Jacobian of the change of variables from x to ξ. Next, the integration over Ω of |v a (x)| pN/(N −1) , which is a linear combination of 2 N −1 terms of the form given in (28), yields We conclude that estimate (19) 
